Photons propagating in Laguerre-Gaussian modes have characteristic orbital angular momenta, which are fundamental optical degrees of freedom. The orbital angular momentum of light has potential application in high capacity optical communication and even in quantum information processing. In this work, we experimentally construct a ring cavity with 4 lenses and 4 mirrors that is completely degenerate for LaguerreGaussian modes. By measuring the transmitted peaks and patterns of different modes, the ring cavity is shown to supporting more than 31 Laguerre-Gaussian modes. The constructed degenerate cavity opens a new way for using the unlimited resource of available angular momentum states simultaneously. © The Laguerre-Gaussian (LG) modes are solutions for beam profiles with circularly symmetric. They are written in cylindrical coordinates using Laguerre polynomials and shown to obtained well-defined orbital angular momentum (OAM) [1] . The phase fronts of light beams in OAM eigenstates rotate, clockwise for positive OAM values, anti-clockwise for negative values, which could result in some unique features. The synthetic dimension with the values of OAM defined as the dimensional basis is recognized as a unique asset in many studies, including high-capacity optical communication [2, 3] , versatile optical tweezers [4] , quantum information and quantum foundation [5] [6] [7] . It has been recently demonstrated quantum entanglement involving angular momenta as high as hundreds [6, 8] . The manipulation and measurement of OAM states can be reached with high precision [5, [9] [10] [11] , which leads to new applications of OAM states, such as detecting of a spinning object and lateral motion [12, 13] .
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The Laguerre-Gaussian (LG) modes are solutions for beam profiles with circularly symmetric. They are written in cylindrical coordinates using Laguerre polynomials and shown to obtained well-defined orbital angular momentum (OAM) [1] . The phase fronts of light beams in OAM eigenstates rotate, clockwise for positive OAM values, anti-clockwise for negative values, which could result in some unique features. The synthetic dimension with the values of OAM defined as the dimensional basis is recognized as a unique asset in many studies, including high-capacity optical communication [2, 3] , versatile optical tweezers [4] , quantum information and quantum foundation [5] [6] [7] . It has been recently demonstrated quantum entanglement involving angular momenta as high as hundreds [6, 8] . The manipulation and measurement of OAM states can be reached with high precision [5, [9] [10] [11] , which leads to new applications of OAM states, such as detecting of a spinning object and lateral motion [12, 13] .
Although, in principle, there are infinite synthetic degrees of freedom for OAM states, how to construct some functional devices by manipulating them in the synthetic dimension become a subject to be developed. Recently, a new kind of photonics simulator based on energy-degenerated optical cavities has been theoretically presented, which can support a large number of OAM modes [14] . By taking advantage of such kind of optical cavity, one can simulate photonics topological matters, as well as construct all-optical devices by manipulating in photonic synthetic dimension [15, 16] . All such potentially novel applications are ascribed to set up a kind of degenerate optical cavity, which can support plenty of energy-degenerated OAM modes.
Here, we present an experimental framework using numbers of OAM states in an optical cavity simultaneously, which is referred to a degenerate cavity. Different from previous works with OAM in cavities [17, 18] , we precisely measure the transmitted peaks and beam profles of different modes in the cavity, which is shown to supporting more than 31 LG modes. Moreover, the constructed cavity is in principle completely degenerate, which can be used to generate lasers and entangled photon sources with high dimensional LG modes [19] [20] [21] [22] and other related fields [23] [24] [25] .
The theoretical framework of a degenerate cavity was introduced in [26, 27] . From a geometrical optics point of view, an optical cavity is degenerate when an arbitrary ray retraces its own path after a single round trip. To understand the design principles of completely degenerate cavities, we consider the propagation of light field in a cavity between two planes perpendicular to the axis of the cavity. The transmitted electric field E 1 (x 1 , y 1 ) can be written in the form of the Collins integral [28] 
where λ and k are the wavelength and wave number. E 0 (x 0 , y 0 ) is the initial electric transverse field. L is the length of the optical path along the optical axis between the two planes. The transmitted and initial fields are connected through the ray matrix between the two planes with elements A, B, C and D [29] . The resonate frequencies and eigenmodes of the cavity can be solved by using the condition that the field must reproduce itself after a round trip in the cavity. If the optical elements have cylindrical symmetry, the solutions happen to be the LG modes E p,l e −ikz with the transverse field [29] 
where ρ, ϕ and z are the parameters of polar coordinate system. p and l are the parameters of the Laguerre polynomials and l identifies the topological charge of the corresponding vortex beam. w(z) is the transverse width of the light beam. R(z) is the wavefront curvature radius. ψ(z) is the Gouy phase, and
is the generalized Laguerre polynomial. The resonate frequency for each E p,l mode in a ring-type cavity is determined by [26] 
where n is an integer, L 0 is the length of the round-trip optical path. When A + D = 2, the resonate frequency is independent of parameters p and l, which means the cavity is degenerate for spatial modes. The off diagonal elements of the round-trip ray matrix, B and C, only affect the beam waist w 0 of the resonate modes.
We consider a cavity consisting of 4 lenses arranging in a 4f lens system just as shown in Fig. 1 (a) . This kind of cavity has been shown to satify the degenerate condition and the corresponding matrix happens to be the unitary matrix (A = D = 1, B = C = 0) [29] . However, in practical, the distance between the surface of two lenses are not 2 f . Considering a ray of light pass through a planoconvex lens as shown in Fig. 1 (b) and the ray matrix can be written as
where n 1 and n 2 are the refractive index of free space and lens respectively, r is the radius of curvature of the lens and h is the thickness of the lens. A physical lens can be equivalent to an The other is used as the signal. The half wave plate (HWP) is used to adjust the intensity ratio of the split beams. The acoustic optical modulator (AOM) is used to shift the frequency of the reference light. The electro-optical modulator (EOM) is used to do sideband modulation to lock the cavity. The signal beam illuminated on the screen of a spatial light modulator (SLM) is transformed into LG modes. Then these two beams are combined by a PBS and pumped into the cavity. An etalon is used to filter out the reference laser from the beam reflected by the cavity mirror and the reference light is detected by a photoelectric detector (PD). The electrical signal is leaded to an equipment using Pound-Drever-Hall (PDH) technique to lock the cavity by driving the piezoelectric transducer (PZT). Another two etalons are used to distinguish the reference laser and signal laser from the transmission beam, which are separated into two beams and detected by PDs.
ideal lens with focal length f depending on parameters of the lens and a free space of length L eq , namely
As a result, the distance between two adjacent lens in the degenerate cavity should be s = 2 f − L eq . Finally, we get the free spectral range (FSR) of our cavity FSR = c 4s+4n 2 h , where c is the velocity of light. To make it clear, 4 planoconvex lenses are used in the cavity, the center thickness of the lens is approximating 4.0 mm, the refractive index is 1.51, the radius of the curvature is about 38.9 mm, and the clear aperture is about 22.8 mm.
The size of the beam on the lens is about 6.0 mm for LG mode with charge number 15. Therefore, we get FSR ≈ 480MHz. The reflectivity of two mirrors are 99.99% and other two are 93%. While the transmittance of the four lenses are 99.9%, so the linewidth of the cavity is calculated to be about 12MHz.
The experimental setup is shown in Fig. 2 . A continuos ultranarrow bandwidth laser (MBR, Coherent Int.) is splitted into two beams. One is used as a reference light and to lock the cavity. The other is used as the signal. The reference light is shifted about one FSR of our cavity via an acoustic optical mod- ulator (AOM). The electro-optical modulator (EOM) is used to assist on locking the cavity in which the Pound-Drever-Hall (PDH) technique is applied. The signal beam illuminated on the screen of a spatial light modulator (SLM) loaded with hologram [9] is transformed into LG modes. Then these two beams are combined and pumped into the cavity. Three etalons with linewidth approximating 100 MHz and FSR approximating 7 GHz are used to distinguish the reference laser and signal laser. We then use photoelectric detectors (PDs, PDA10A-EC, Thorlabs Inc.) to record the intensity of the output light beams. If we want to detect the beam profiles, the detector is replaced by a camera (BC106N-VIS, Thorlabs Inc., not shown in Fig. 2 ).
In the experiment, we fix the frequency of the microwave driving the AOM and then drive the piezoelectric transducer (PZT) attached to one of the cavity mirrors to scan the transmitted peaks. In Fig. 3 (a) , the triangular wave corresponds to the electric signal driving the PZT, which changes the cavity length accordingly. The transmitted peak signals are then recorded. The black line corresponds to the signal of reference light and the red line presents the signal of Gaussian mode (l=0), which almost completely overlap with each other. Fig. 3 (c)-(e) show the left-handed rotating vortex beams and Fig. 3 (f)-(h) show the right-handed rotating vortex beams, with the corresponding topological charges signed above the peaks. From the figures we can see that the transmitted peaks of LG modes coincide with the reference light roughly, which means different LG modes resonate at the same point and the cavity is degenerate. Fig. 3 (b) shows the dispersion relationship of the cavity. As we can see in Fig. 3 (a) , even the two peaks coincide with each other mostly, there does exist differences. The frequency driving the AOM is fine tuned to make the peaks coinciding perfectly, and the corresponding frequencies are recorded. Horizontal axis is the topological charge of the pumped beam, and longitudinal axis shows the frequency differences between reference light and signal light. The purple lines separated by 12 MHz corresponds to the linewidth of the cavity. R h and L h correspond to right-handed and left-handed rotating vortex beams in degenerate situation, while Dis represents the right-handed signals that one of the 4 lenses leads to some displacements from the degenerate situation. From the figure we can see that in the degenerate situation the differences between modes with topological charges from 0 to 15 are limited to 12MHz. However, in the displaced situations, the differences increase almost linearly. When the topological charge is only 7, it has already surpassed the region of the cavity linewidth. The frequency of L h increase more slowly than that of R h . When the topological charge equals to 16, L h is still well within the linewidth of the cavity but R h locates at the margin of the linewidth of the cavity. Next, we fix the frequency of the microwave driving the AOM and lock the cavity to the reference light. Fig. 4 shows the transmitted beam profiles with different LG modes. The coloured ones are experimental results and the black-white ones are the corresponding theoretical predictions. From Fig. 4  (a) , we can see the eigen shapes of vortex beams clearly with topological charges signed in the corners. Fig. 4 (b) shows beam profiles of conjugate superposition states, namely
The experimental beam profiles with petals agree well with the theoretical predictions. We further prepare a class of sixdimensional orthographical superposition states given by 
) with ω = e iπ/3 . The beam profiles in the first and second rows in Fig. 4c represent the corresponding experimental results after and before the cavity, respectively. They agree with each other very well, and both coincide perfectly with the theoretical one. As a result, the cavity maintains well the beam profiles.
In summary, we have constructed a degenerate ring cavity supporting more than 31 LG modes simultaneously. However, due to the imperfect optical elements in the cavity, especially the radially varying thickness of the lenses, the resonate frequencies of LG modes with different charge numbers deviate from each other. Moreover, the imperfect arrangement of the optical elements which is strictly required by a completely degenerate cavity would further lead to an non-unitary transmission matrix. Even for the light beams with the same absolute topological charges (|l|), the resonant frequencies are shown to be different (Fig. 4b) , which is due to fact that LG modes generated through the SLM are not ideal.
Nevertheless, our work represents the first experimental work demonstrating the degenerate cavity supporting many LG modes. Since the LG modes form a complete basis, the constructed cavity can be used to supporting other kinds of beam structures. As a completely degenerate cavity in principle, it can also be used to generate lasers and entangled photon sources with high dimensional LG modes [19] [20] [21] [22] and other related fields [23] [24] [25] . Our work opens the way to manipulate the synthetic degrees of freedom for OAM states.
